











































































































MATH 6021 Lecture 4 9 2812020

Recall 2k E M g min c III o

SE X fy Div X du f LIF X du

m 521 7 5 10912 Ricmcu.us IAT 42 dV
Ken I 2
2 sided
X yu Def 2 stable 83 X o F X apt Supp

Now M B area minimizing

Bernstein E E 1123 entire min graph flat

Fisher Colbrie Schoen DoCarmo Peng I EIRS complete stable min

flat

Stable Bernstein Conj ER complete stable he 7 flat

Schoen Simon Yau 75 True if assume Euclidean volume growth

Note The proof of curvature estimates for any
immersed min

hypersurfaces rely on a useful differential inequality
known as Simons inequality

2 g µ
min hyperarf DE IA I 3 C I 11A12

i.e HE 0 where Cso is a constant depending on h

and the geometry of M

Remark i pointwise inequality
2 no stability 12 sided assumption














































































































We will give a proof of the case in IR

Simons Inequality in B s Let In c IR be an immersed min hypersurf

THEN
DE IA I 3 21 Al t 2 it 1721A112

Note Sz IA l z 21A14

IAI Sz IAI 3 IA14 10117112

sketch of Proof tang to 2 I 2

Nate ptwise calculation Fix P E E and a local 0 N B E Ene En

write in this basis A aij symm 0,2 tensor

Idea Take many derivatives switching their orders

GausseqI Rijke AinAje Ajhaie R Riem arm of 3

Codazzi eq1 Aij k Ain j Aji h ie Aij h fullysymm

Note IAI i Aij By switching order of covariant derivatives

Aij he Aij lk t Em RehimAmj t Im Renjm Ami

A DA I A12
we compute

DE IA I aijb zaij ij217 a.gl

n Aij Aij kk 1 I Aij h
11Codazzi ii h
Aik jk 1 4 AishGauss

z Aij Ain kj
RhjimAmk EmRkjhmAmi

H InAhh O o 11Codazzi Akiajm AjiarmAm
Emin Wh ij cancels p

cancels

AlekAjw Ajkarm Am










 IInm Ai aim iInAisin

i e Dz IA12 2 1A14 1210A 12 Simons Identity

Using Enhanced Kato's ineq we have

10A123 It 1021A112
is

Remark holds in n 3

Next we combine Simons ineq and stability ineq to obtain

higher LP bounds for IAI

LP estimate of SST 75

Let 2 E B be a 2 sided stable min hypersurface

Then tf p e 2 2 1 I we have

1AM'd E Cenp 1001 to CCECE

Proof Recall Stability ineq f Iain's 510212 VyeCECE

Take Y IA l t f where f C CECE and GE o IE
mm

f lait128f e f I f T 1A t t t IAl't't Of 12 E
I

O
Itg f f IA128101A I t f IA12410512

2 Itf f f IA l Pf IAI

Il



Idea Keep I and estimate 1absorb I and TI

Use Simons ineq 1A I DIA l 11A 143 18117112 to estimate I

Multiply the ineg by LAI't f and integrate

f f lait 181AIl E f f't al't't s la flat 128

I intbyDart divffial tDIAL
TI T ftAI't t DIAL

z J f IAl't't Of 01A I I12g f lait total
i

f 1171445 2 I

o

Adding e we obtain

q2 f f'tAl't10117112 f flat
t
loft 2g f flat Of That

o I I It
when q's Ca

By weighted Cauchy Schwan
2 ab E E a't f b

2g f flat Of Ola E E f f f'tAff101,7112 f flat
t loft

I
I

It

Choose E 20 small enough deep on G n then
to

82 Eq ffTAl41011711 E z flat t loft

I
so

I



Using Cauchy Schwarz in we have

f IA1428 f g z
2CHE's it

q2 sq
1A1228 Ipg

r

o I

Set p 2 1of E 2 2 1FET and f GP Then

AI of E Cen p f la t 2021021 12
Holderineg
E Cen p flattop f 10 17Idivide a

Cora Assume Cig 2 EIR complete 2 sided stable min hyperface

Cii 7 C o t I I n BR l E CR HR O

TCiii 3 E n E 6 intrinsicball
in 2

Then E is flat
n for 104,21 I Rt1

Proofs Take cutoff for 01 4 R g 1 7

By LP estimate zp

J LAPP E IAI e c 10 14 e c R
men

nBakEnBr
C Caryn1

Note if Zp th l 0 then done by taking R s 00

Recalls p e 2 z 1M wants p s holds 3 En EG
6

So heed 2 1



Remarks I For n 7 L Simon 76 for embedded

For embedded case different treatment by
Schoen

Simon 81

2 By Moser iteration improve LP bold to L bold

for LAI away from
2E

3 213 situation does not require a prior area bold

c f Schoen 83 Golding
Minioozzi 02

Q what can we say if we do NIT assume stability

Recall IKE R min SE x f DivX 0

ie It o E

for q1 Cpt supp vector fields X in
IR

Idea suitable choice of X yields information about
E

Eg X translation X scaling dilation

x r Er
qq.gr

X
I
I 0

Prop 2kE R coordinatefunctions X X on IR

min restrict to harmonic functions on E
i e Dg Xi O for iz l n

2
Proof Take X 7 J i where tf is smooth aptapp

divzX dive 19 ftp fzi
T
Jy.Jxi



Apply 1st var formula and Stokes Thm DEX o

O dir X Jg pix f n Ri t f e ECE
is

Cori Convex Hull Property

Any compact min submfd Ek E B is contained inside the
thesmallest convex set containing 2 2

convex hull of its boundary 22

In particular 74 compact min submfd in IR
without boundary

Pf Max principle for harmonic functions
3 1 flat T

2 disk

Oh I f't2E
iscatenoidcircle

planar

Re This is special to the ambient space being
B

One of the most important tool in studying min surfaces

in the following

Monotonicity Formula
Let IKE IR min subfid fix a pt Xo E IR not nec in E

Then t o e s s t s distan Xo 22

I 2N Belko l I E n Bscroll 1 Cx scowl

th Th f iz Z O

En BtlBs



thus t 1Er Beast
yn

is non decreasing

InBs
o

t.aeXo 2NBe22 Bs
I Be


